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Algebra Ideas

Algebraic expressions

A range of tasks is available, including using algebraic methods to model, understand,
control and make predictions about relations between quantities and variables.

Reasoning about data Twin aspects of geometry Algebraic expressions
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Key Ideas in Teaching Mathematics
Main site for the book, summary research reports and other resources is:

Research report can be found at

The book report and online resources are concerned with many topics, however this
file and flipchart is only concerned with algebra ideas.
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flipchart is only concerned with
algebra.

Key ideas

int hi Keyldeas:
in teac mg nn Teaching
mathematics N atematics

Ressart kluwﬂ widamce

~ h Jones
In the q
rr' head For research based information, reports and ssummaries

Ve -lez
Le:«lenq Obiectives For the book and teaching ideas go here
s 1 I Www ! k i

nuffieldfou

At the board

Algebra Ideas
Alongside this we have provided a flipchart,
copies of slides included here, plus Keg ldess In Toaching Mathematics
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resources (including replacement for a
broken link).
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Headlines

* Algebra is the way we express generalisations about numbers, quantities, relations
and functions. For this reason, good understanding of connections between numbers,
quantities and relations is related to success in using algebra. In particular, students
need to understand that addition and subtraction are inverses, and so are multiplication
and division.

* To understand algebraic symbolisation, students have to (a) understand the underlying
operations and (b) become fluent with the notational rules.These two kinds of learning,
the meaning and the symbol, seem to be most successful when students know what is
being expressed and have time to become fluent at using the notation.

» Students have to learn to recognise the different nature and roles of letters as:
unknowns, variables, constants and parameters, and also the meanings of equality and
equivalence. These meanings are not always distinct in algebra and do not relate
unambiguously to arithmetical understandings, Mapping symbols to meanings is not learnt
in one-off experiences.

» Students often get confused, misapply, or misremember rules for transforming
expressions and solving equations.They often try to apply arithmetical meanings to
algebraic expressions inappropriately. This is associated with over-emphasis on notational

manipulation, or on ‘generalised arithmetic’, in which they may try to get concise answers.

http:/lwww.nuffieldfoundation.org/sites/default/files/Summary f%20findings.pdf

For the book and teaching ideas go here:

http:/lwww.nuffieldfoundation.org/sites/defaultfiles/Pe.pdf NP w.nuffieldfoundation.org/key-ideas-teaching-mathematics

Quantities and Algebraic Expressions

Five key themes:

e notations and conventions
e structures and relations

e the equals sign

e modelling

® using algebra to reason

Recognition and construction of algebraic statements

Much manipulation of expressions and equations can now be done by software,
but students still need to be able to construct and recognise algebraic statements
in their various forms.

A range of tasks is available, including using algebraic methods to model,
understand, control and make predictions about relations between quantities and
variables. At the heart of all teaching methods is the need to recognise and move
between equivalent expressions, equations and representations.

There remains a fundamental need to understand what letters and other symbols
represent, and how manipulations provide different, but equivalent, expressions.

k and teaching ideas
uffieldfoundation.org ideas-teaching-mathematics
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Notations and conventions

Letters can stand for labels (e.g. ABC as the vertices of a triangle), givens (e.g. a, b
and c as lengths of sides of a triangle), unknowns (e.g. x in 3x+5 = 20), variables
(e.g. x and y in y=mx+c), parameters (e.g. m and c in y=mx+c) and constants (e.g. c
in y=mx+c), and some letters (e.g. e, g, m) have specific constant meanings.

Students construct their own meanings such as:
e |etters are shorthand for objects, e.g. a = apple
e |etters have fixed meanings, e.g. area = | x w (so I=length and w=width)
e [etters can be seen as alphabetic codes, e.g. a=1, b=2 and therefore p < q etc.
e all expressions have to be conjoined, so 3a + 5b = 8ab

® 3m could mean 3 x m, but 32 does not mean 3 x 2, and 3m might also mean ‘3
metres’

® To understand the need for rules of notation:compare the different answers
obtained by different interpretations to see why rules are necessary.

To understand conventions: explore how different expressions work using computer
algebra.

Research shows that holistic ways of relating algebra to situations are successful in
helping students to learn the procedures, meanings and uses of algebra. Holistic
teaching combinesarithmetic, algebra, data, graphs and functions side by side.

For the book and teaching ideas go here:
http:/iwww.nuffieldfoundation.org/key-ideas-teaching-mathematics

Notations and conventions 1: Evaluating Algebraic Expressions

A4 e Evaluating algebraic expressions
To enable learners to:

e distinguish between and interpret equations, inequations and
identities;
substitute into algebraic statements in order to test their validity
in special cases.

This sequence of tasks enables students to compare equations,
inequalities, and identities (equivalent expressions) by various
means. Substitution is used to find out when expressions are
equal in value. It is more common in textbooks to use substitution
merely as a means to practice using symbolic conventions, but
here it has a role to play in understanding the underlying relations.

The tasks are designed to challenge common misconceptions
about the relations between numbers and variables and
unknowns.

https://spiremaths.co.uk/ilim/

For the book and teaching ideas go here.
http .nuffieldfoundation.org/key-ideas-teaching-mathematics
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Notations and conventions 2: Number Spirals

The intended task is on pages 37-38 and is about the intriguing and unexpected
patterns that arise from spirals on number grids. These structural, not sequential
patterns, and need careful explanation.

They are not predictable from number patterns alone, so they avoid a purely inductive
approach to generalisation. Often these are solved by students going to and fro
between number, algebra, spatial features, specific cases and generalised relations.

https://www.stem.org.uk/sy

For the book and teaching ideas go here:
http w.nuffieldfoundation.org/key-ideas-teaching-mathematics
-
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Notations and conventions 2: Number Spirals

Nember pattems

D A number spiral

D4 Work aut the numbers in this
the prid,

& Is there a pat

D3 The numbers 4, 16, 3
a Without fill
00 and 14

€ What are the positio

https://www.stem.org.uk/system/files/elibrary-resources/legacy_files_migrated/22489-10312-

For the book and teaching ideas go here:
http w.nuffieldfoundation.org/key-ideas-teaching-mathematics

-~
-

jamtec
(Stoke) Ltd



-~
-

]

amtec
(Stoke) Ltd

Notations and conventions 3: (Generating by) Using a Formula

Exercises often ask students to reason inductively a formula for a given sequence,
but the tasks on pages 42-43 turn this process on its head and offer the formula to
generate the sequence.

This way round, students stand a good chance of spotting the effects of different
parameters in the formula. If not, they can change parameters for themselves and
see how the generated sequence changes. This is an old resource which mentions
programming in BASIC in some of the tasks, but they can be adapted for use with
spreadsheets.

)' .

algebra 3

https://www.stem.org.uk/sy i i llegacy_files_migrated/22489-10312-Numbers%20and%20Algerbra%203-redacted.pdf

£ Number and }

For the book and teaching ideas go here:
vww.nuffieldfoundation.org/key-ideas-teaching-mathematics

Notations and conventions 3: (Generating by) Using a Formula

Fonding Ove 11 e of 0 segoen Sequence:
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Using a formula
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Run it

© Which is the first term i U
You m

Run the program and find the first term in the sequence which is great
than 1000,

trokes will produce the sequences in question, B2

Write a bich will precede the first 2500 teras of the

I teem: and the 1750th tern
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For the book and teaching ideas go here:

http:/iwww.nuffieldfoundation.org
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Notations and conventions 4: Language

The relevant task is on pages 16-17 and involves preparing cards for a matching
exercise between words and symbols.

Expressing situations in words is a pre-cursor to using symbols, and students can
then see that algebra is expressing succinctly what is sometimes long-winded and
complicated in words.

By starting with words, the order of operations is easier to understand as a form of
notation, rather than the notation coming first, and word problems become more
accessible because students get used to mathematising them.

https://mathsteachers.files.wordpress.com/2014/08/algebra-makes-sense.pdf

For the book and teaching ideas go here.
http \uffieldfoundation.org/key-ideas-teaching-mathematics

Notations and conventions 4: Language

Resource Sheet
Alget

A
Matching Mappings Matching Mappings
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double

[ Fundin
multiply by 3
' g ]
s simple formalae. (K) (Y8 =
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* You i find

Draw & M

* Youwil find

Teachers notes

multiply by 6

n © RBKC Smie Mathematics © RBKC Stile Mathematics

https: 1steachers.files. dpr .com/2014 g: ki pdf

For the book and teaching ideas go here
http \uffieldfoundation.org/key-ideas-teaching-mathematics
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Notations and conventions 5: Equivalence

The relevant task is on pages 36-37.

Traditionally, most of the algebra curriculum used to be about learning to
manipulate expressions by collecting like terms, factorising, multiplying brackets
and so on. This achieves alternative forms of expressing the same relations
between unknowns and variables.

For algebra to be meaningful, students can see that these manipulations (which
can now be done by software) produce equivalent expressions to describe
situations that the students will understand. Embedded in this kind of work, but
usually left implicit, is the use of = to mean 'is equivalent to', i.e. whatever the
value of the variables. This is in contrast to equations where non-equivalent
expressions are temporarily equal for particular values of the variables.

STATHEMATCY

https:// h hers.files dpress.com/2014

k and teaching ideas go here:
wffieldfoundation.org ide eaching-mathematics

Notations and conventions 5: Equivalence
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Teachers notes
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X
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© RBKC Smile Mathamatics

©RBKC Smile Mathamatice
https: dpress.com/2014/08/alg k pdf

For the book and teaching ideas go he

http nuffieldfoundation.org/key-ideas-teaching-mathematics
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Structures and Relations

Students know many numerical relations from their early work with
arithmetic. School algebra is meaningful when it is interpreted to show
the relations between numbers that students already know.

e The additive relation, e.g. 2 + 3 =5, is expressedasa + b = ¢, so
we can find x if 2 + x = 5 and also graph the relation between x and
yifx+y=5

¢ The multiplicative relation, e.g. 2 x 3 = 6, is expressed as c=ba, c/b
=aandc/la=b

e Addition and subtraction have an inverse relationship, one ‘undoes’
the other.

¢ Addition and multiplication are both commutative

e |n 37 + 49 — 37 students can spot that they do not have to do
calculations. a + b — a = b expresses the same relation.

e This equation: 3(p+q) = 3p + 3q, expresses a fact that students
often use in mental arithmetic

For the book and teaching ideas go here:

http:/lwww.nuffieldfoundation.org/key-ideas-teaching-mathematics

Structures and Relations

Students need to meet and understand a range of mathematical
statements: formulae, equations, identities, properties, functions, and
know what they mean and how to use them.

Students need to know how to ‘read’ algebra with meaning.

Students have to be fluent in transforming expressions into simpler or
more usable forms, and how to use substitution of one expression for
another to reduce complexity.

Research shows that holistic ways of relating algebra to situations are
successful in helping students to learn the procedures, meanings and
uses of algebra. Holistic teaching combines arithmetic, algebra, data,
graphs and functions side by side.




Structures and Relations 1: Perimeter Expressions

Perimeter Expressions

This problem gives students plenty of opportunity to

practise manipulating algebraic expressions within a purposeful
context. Along the way, the challenges will provoke some insights that
will be worth sharing. Issues relating to the dimensions in formulae for
areas and lengths might emerge.

This activity is on the NRICH website. Perimeter is a
rich context for exploring the value of algebra as a
reasoning tool.

Use perimeter as a context to express sums of known
and unknown quantities. The unknown values are
positioned within a linear expression, and students can
work backwards (solving a linear equation) to find
possible missing lengths.

Use of the familiar situation of length to provide an
image of the meaning of the letters provides a bridge
between the missing number problems used in primary
mathematics and solving equations algebraically.

http://www.natior .org. i y I -and-algebra-3

For the book and teaching ideas go here:
http://www.nuffieldfoundation.org/key-ideas-teaching-mathematics
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The Equals Sign

The equals sign can be used to indicate:
e formulae such as A =72 bh;
® equations such as x+y=5;
e identities such as 3a+3b=3(a+b);
e properties such as ‘vertically opposite angles are equal’ and
e functions such as f(x) = 2x+3.

In school algebra the equals sign is usually used to indicate equality of
value, such as 3+5=9-1, or angle ABC = angle ACB.

Typical misunderstandings about how to use the equals sign include:
e | etters are objects to move around, e.g. ‘move x to the other side’

e |f there are letters in an expression you always have to find their
value, so how can you find x in ‘5x+10=5(x+2)"?

e The equals sign means ‘calculate’

For the book and teaching ideas go here
http .nuffieldfoundation.org/key-ideas-teaching-mathematics
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The next 3 slides repeat slides from above.

The Equals Sign 1: Evaluating Algebraic Expressions

A4 ¢ Eval :"-,- ', brai expr

To enable learners to:

o distinguish between and interpret equations, inequations and
identities;

® substi into algebraic in order to test their validity

in special cases. https://spiremaths.co.uklilim/

This sequence of tasks enables students to compare equations, inequalities, and
identities (equivalent expressions) by various means. Substitution is used to find
out when expressions are equal in value. It is more common in textbooks to use
substitution merely as a means to practice using symbolic conventions, but here it
has a role to play in understanding the underlying relations

The tasks are designed to challenge common misconceptions about the relations
between numbers and variables and unknowns

For the book and
http: uff

The Equals Sign 2: Equivalence

The relevant task is on pages 36-37

Traditionally, most of the algebra curriculum used to be about learning to
manipulate expressions by collecting like terms, factorising, multiplying brackets
and so on. This achieves alternative forms of expressing the same relations
between unknowns and variables

For algebra to be meaningful, students can see that these manipulations (which
can now be done by software) produce equivalent expressions to describe
situations that the students will understand. Embedded in this kind of work, but
usually left implicit, is the use of = to mean 'is equivalent to', i.e. whatever the
value of the variables. This is in contrast to equations where non-equivalent
expressions are temporarily equal for particular values of the variables

For the book and
http: uf

Notations and conventions 4: Equivalence

Resource Sheet
Aig figedra i
Equivalent Expressions Equivalent Expressions

These three exprassions re equialnt.
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Teachers notes
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Modelling

The usefulness of algebra for students who are not going to become
pure mathematicians lies in:

e understanding and using symbolic mathematical models to
predict, explain and prove in mathematical and other situations;

e controlling, using, understanding and adapting spreadsheet,
graphing, programming and database software

Students can learn to use algebra successfully if they have multiple
experiences, over time, of modelling situations in and out of
mathematics; exploring and explaining what happens using various
representations, and relating these back to the situation. Research
shows that having personal control of digital technology is important
as it gives students a way to vary expressions, variables and
parameters and see the effects.

Conversely, research also shows that holistic ways of relating algebra
to situations are successful in helping students to learn the
procedures, meanings and uses of algebra. Holistic teaching
combines arithmetic, algebra, data, graphs and functions side by side.

http://www.| org.uk/proj: ing_the_pizza_hot.html

For the book and teaching ideas go here:
http://www.nuffieldfoundation.org/key-ideas-teaching-mathematics

-
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Modelling: Keeping the Pizza Hot

The Case Study looks at the problem of how a
pizza shop can maximize its market for home
delivered pizzas by keeping the pizza warm (and
so edible) for longer.

® They use mathematical modeling to find how
to ensure that the pizza arrives hot!

® They examine cooling curves for pizzas with Keeping the pizza hot
different packaging and to explore ways to o e
keep the pizza warm and the implications of = Assessment
doing SO. = Mathematical content

= Organisation and pedagogy
® Pupils then use the model to address the = Resources provided
pi
-

market problem of the pizza shop by Resource requirements
answering the questions: how long does it

take a pizza to cool, how far can the delivery

travel in that time and what difference does

the packaging make?

http://www.| org.uk/proj: ing_the_pizza_hot.html

For the book and teaching ideas go here:
http://www.nuffieldfoundation.org/key-ideas-teaching-mathematics
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Using Algebra to Reason

Algebra lets us apply additive and multiplicative relations to solve

problems where we don’t know everything. For example:

e |f | have four more sweets than you have, then there is a method
of equalising the amount so long as you know the relation of
‘difference’ — and we don’t have to know exactly how many
sweets we have in total

e |f | know | run twice as fast as you on average, then | know | need
half the time to run the distance - without knowing the total time or
distance.

e|f|[knowthata+b=c,theni:b+a=c c=a+b c=b+a
c—-b=a c¢c—-a=b a=c-b b=c-a

For the book and teaching ideas go here:

http:/lwww.nuffieldfoundation.org/key-ideas-teaching-mathematics

Using Algebra to Reason

Algebra lets us apply additive and multiplicative relations to solve
problems where we don’t know everything. For example:

e Associativity:a+ (b+c)=(a+b) +c

e Distributivity: a(b+c) = ab + ac

e |[f | know that ab=c, then: ba=c, ¢ = ab and ¢ = a, ¢/b=a and c¢/a=b
e(a+d)—(b+d)=a->b

elffa>bandb>c,thena>c

elfa=2band b =2cthena=4c




Using Algebra to Reason 1: Performing Number Magic

A9 ¢ Performing number magic
To enable learners to:

develop an understanding of linear expressions and equations;
make simple conjectures and generalisations;
add expressions, ‘collecting like terms’;

use the distributive law of multiplication over addition in simple
situations;

develop an awareness that algebra may be used to prove
generalisations in number situations.

These are tasks that steer students through several algebraic
manipulations of expressions in order to expose some 'tricks'.

To understand how the tricks work, students have to use the
distributive law, along with others. They also meet the need to prove
equivalence by transforming expressions.

https:/ispiremaths.co.uk/ilim/

For the book and teaching ideas go here:
http w.nuffieldfoundation.org/key-ideas-teaching-mathematics

The next 3 slides repeat slides from above.

Using Algebra to Reason 2: Evaluating Algebraic Expressions

A4 ¢ Evaluating algebraic expressions
To enable learners to:
o distinguish between and interpret equations, inequations and
identities;
o substitute into algebraic statements in order to test their validity
in special cases.

This sequence of tasks enables students to compare equations,
inequalities, and identities (equivalent expressions) by various
means. Substitution is used to find out when expressions are
equal in value. It is more common in textbooks to use substitution
merely as a means to practice using symbolic conventions, but
here it has a role to play in understanding the underlying relations
The tasks are designed to challenge common misconceptions
about the relations between numbers and variables and
unknowns.

hitps:ispiromaths.co.ukiim!

Using Algebra to Reason 3: Number Spirals

The intended task is on pages 37-38 and is about the intriguing and unexpected
terns that arise from spirals on number grids. These structural, not sequential D A number spiral
terns, and need careful explanation

They are not predictable from number patterns alone, so they avoid a purely inductive
approach to generalisation. Often these are solved ts going to and fro
between number, algebra, spatial features, specific d generalised relations.
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Our iPad and iPhone resources

Search for Jamtec on the AppStore. We also have other non-mathematics apps. Prices
correct at 30 January 2017.

93!)»0‘;; /6322

92340@154510

901892384756

Age-ulator Free: Randomised £0.99

=0.2=20%

Directed Numbers £0.99: Equivalents £0.99: Multiplication Pairs £0.99

Maths Charts for Jenny Eather Free:
Maths Charts for Jenny Eather (Deluxe version) £4.99

Grids4Maths £0.99: GeoDraw £0.99 (iPad only)

Education APPs from Apple

Half price for volume purchase of some Education APPs

)

SPIRE MATHS: Stimulating, Practical, Interesting, Relevant, Enjoyable Maths For All
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Maths APPs for iPads and iPhones
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GeoDraw offers users a choice of 5 grids for use in

mathematics and D&T lessons. Send/export images
with/without grid using: Bluetooth, Email, Facebook,
Twitter and into Pages or Keynote.

Eligible for VPP discount
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| Circular
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Circular Grid Options A
Angles in a 9 point grid 66%_ %
%, Snap Line Tool ?
Circle theorems ey ¢
“w Line Tool
Jumps
Colour Picker
Isometric Grid Pypotie

Equilateral triangles
Isometric drawings and optical illusions

Mathematical use of these grids
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Undo/Redo
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Lines, angles and coordinates
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Randomised

Bingo Caller

Coin Flip

*

Colour

Dice Roll

Fortune Ball

i

List Randomiser

Numbers

N

H
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Password Generator

(=

Playing Cards

Random Pixels

s, Rock, Paper, Scissors

®» Spinners

problem solving.

GeoDraw for iPhones.

Randomised (99p): for probability lessons.
Age-ulator (free): for large number work and

Grids4Maths (99p): much simpler version of

(Stoke) Ltd

http://jamtecstoke.co.uk/

Square Isometric

Polar Circular

Tasks

20 Points

Options

Thursday,

Age-ulator Rate
12 July 1990
14:33

Choose Time

21 years 10 months 28 days

Age in Years: 21
Age in Months: 262
Age in Weeks: 1143
Age in Days: /8003
Age'in Houxrs: 192072
Age in Minutes: 11524320
Age in Seconds: 691459204

Next Birthday

32 days 9 hrs 25 mins 42 secs
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We've teamed up
with Jenny Eather to
bring her Maths
Charts web
resources to the
iPad/iPhone.

Try Maths Charts by
Jenny Eather for
free, then buy full
Deluxe version for
£4.99 (half this if
you sign up for VPP
with Apple and buy
20 or more copies).

athS Chal{S

Decimals

Ordering decimals

Expanding decimals Y Clog,
S

Adding decimals AN

Subtracting decimals

Multiplying decimals

Dividing decimals

Rounding decimals

Decimals, perceg

Decimalg

Volume Purchase

discount rate of half

the same app.

Programme (VPP) lets It g
you buy Apple apps at et P> for interactive whiteboards, classroom displays, maths walls,

price for 20 or more of

Over 250 printable Maths Charts or maths posters suitable

display boards, student handouts, homework help, concept
introduction and consolidation and other maths reference needs.

Maths Pairs (£1.999) — three App

% % g ;—g % 2—2 bundle: eligible for VPP discount
) ) ) Directed Number, Equivalents and
1 4 5 27 8 21 Multiplication Pairs (or 99p each).
9 9 9 36 72 56
3 1 3 40
5 7 4 64
7 X 1 =
7 X 2 =
7 X 3 =
7 X 4 = ,LA’?—
7 X 5 =
7 X 6 = A0
7 X 7 =
7 x 8 = ‘“,‘a\,\?ﬁ
7 x 9 = 1e? -
7 X 10 =
7 X 11 -3 -(*2 + *5a)
7 X 12
Change format Show All
2 3 4 5 6 - QD a=
“‘g‘: C1 -5-(*2a--4) *2a--4
a="*2
o P -5a + -5b *5 - -5a2 -2a2 + -4
“ng'\“‘
648 72+12 48 -8 9 6 5
R a 40+8 70+7 20+4 10 9 5
Contact and further details:
In school training can be arranged to support
. . ) 72+8 21+3 81+9 8 6 7
implementation. www.jamtecstoke.co.uk
contact@iamtecstoke.co.uk
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